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Abstract
For a rather broad class of dynamical systems subject to mixed fermionic first
and second class constraints or infinitely reducible first class constraints (IR1C),
a manifestly covariant scheme of supplementation of IR1C to irreducible ones is
proposed. For a model with IR1C only, an application of the scheme leads to a
system with covariantly splitted and irreducible first and second class constraints.
Modified Lagrangian formulations for the Green–Schwarz superstring, Casalbuoni–
Brink–Schwarz superparticle and Siegel superparticle, which reproduce the supple-
mentation scheme, are suggested.
PACS codes: 0460 D, 1130 C, 1125.
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The problem of constructing a covariant quantization scheme for dynamical systems
with mixed first and second class constraints is extremely urgent since the Green–Schwarz
(GS) superstring [1] and Casalbuoni–Brink–Schwarz (CBS) superparticle [2] belong to
this class of theories.1 A general recipe of Hamiltonian quantization without explicit
splitting of the constraints has been developed in a series of works by Batalin and Tyutin
[3]. However, as it was shown in the recent paper [4], an application of the scheme for
concrete models may conflict with manifest Poincare´ covariance.
An alternative possibility for the theories concerned consists in making use of covariant
projectors to get splitted and reducible subsets of first and second class constraints. Pro-
jectors with desired properties have been constructed for the GS superstring [5], D = 9
massive superparticle [6, 4], and D = 10, N = 1 CBS superparticle [7, 4]. This reduces
the problem to quantization of linearly dependent second class constraints (2CC) (which
can be treated in covariant fashion along the lines of Refs. 4, 7) and to quantization
∗E-mail: deriglaz@phys.tsu.tomsk.su
1We mainly discuss the case of D = 10, N = 1 superspace for which there is no a Poincare´ covariant
and irreducible splitting of the original fermionic constraints on first and second class in the initial phase
space.
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of infinitely reducible first class constraints (IR1C). Unfortunately, the direct application
of BFV–BV methods in the latter case leads to the formulations involving infinite extra
ghost tower (see [8, 9] and references therein), what extremely complicates the analysis
of BRST cogomologies and constructing effectively calculable quantum action.
In this letter, within the Hamiltonian and Lagrangian framework, we suggest a covari-
ant scheme of supplementation of fermionic IR1C to a constraints system of finite stage
of reducibility. In Hamiltonian approach, the initial phase space is enlarged by auxiliary
variables, whose nondynamical character is provided by new reducible constraints. The
proposed trick is based on a possibility to combine IR1C of extended formulation into
covariant first class constraints system of finite stage of reducibility. After that, the stan-
dard quantization technique may be employed [10], in particular, with a finite number of
ghost variables.
Two different cases will be considered: (i) models with mixed first and second class
constraints; (ii) models with IR1C only (the latter situation takes place for modifications
of the superstring and superparticle due to Siegel [11, 12] and their generalizations [7,
13]). In the first case, the resultant modified formulation contains irreducible first class
constraints (1CC) and separated from them linearly dependent 2CC. In the second case,
we shall get an extended system with irreducible 2CC and splitted from them 1CC no
more than of first stage of reducibility. Although the presented scheme can be directly
applied to constrained systems of special form only (see Eq. (1) below), a class of these
theories is broad enough, in particular it includes all the above mentioned superstring and
superparticle models.
In our opinion, the advantages of the proposed trick consist in the following: (i)
Relatively small number of auxiliary variables are needed as compared to the combined
harmonic-twistor approaches [14–16]. Note also that no twistor-like variables are intro-
duced. (ii) There exists a covariant gauge for both the initial and auxiliary variables
(compare with Refs. 14 and 17).
A consistent treatment of deformed constraints system implies the construction of
modified Lagrangian formulation on enlarged configuration space which will reproduce
the supplementation scheme. The existence of such a formulation will allow, in particu-
lar, to prove an equivalence of modified and initial models. The corresponding Lagrangian
formulations for the GS superstring, CBS superparticle, and Siegel superparticle are pre-
sented and analyzed in the letter.
We work in 16-component formalism of the Lorentz group SO(1,9), then θα, ψα,
α = 1, . . . , 16, are Majorana–Weyl spinors of opposite chirality. Real, symmetric 16× 16
Γ-matrices Γµαβ, Γ˜
µαβ obeying the algebra ΓµΓ˜ν +ΓνΓ˜µ = −2ηµν will be used. Momenta
conjugate to configuration space variables ci are denoted as pci.
Let us consider a dynamical system with fermionic pairs (θα, pθα) being presented
among the phase space variables zA. It is supposed that a complete constraints system
of the model includes (among others) the following:
Lα ≡ pθα − iBµΓµαβθβ ≈ 0, DµDµ ≈ 0, (1)
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and the Poisson bracket of the fermionic constraints is
{Lα, Lβ} = 2iDµΓµαβ. (2)
Here, the Bµ(z) and Dµ(z) are some functions of phase variables so that D2 ≈ 0 is
first class constraint. The full set of constraints of the theory may include ones different
from Eq. (1), which are inessential for subsequent analysis. Note that Eqs. (1), (2)
correspond to the CBS superparticle if we choose Bµ = Dµ = pµ, where pµ are momenta
conjugated to space-time coordinates xµ. To get the GS superstring case we choose
Bµ ≡ pµ+ ∂1xµ − iθΓµ∂1θ, Dµ ≡ pµ+ ∂1xµ − 2iθΓµ∂1θ (see below). From Eqs. (1), (2) it
follows that there are eight 1CC and eight 2CC among the equations Lα ≈ 0. To separate
them in a manifestly covariant fashion, let us extend the initial phase space by a pair of
vector variables (Λµ, pΛµ) subject to constraints
Λ2 ≈ 0, pµΛ ≈ 0. (3)
Supposing that ΛD 6= 0 (analog of the standard light-cone singularity), one can extract
two 2CC from Eq. (3): Λ2 ≈ 0, pΛD ≈ 0 and nine 1CC: p˜µΛ ≡ pµΛ − pΛDΛD Λµ ≈ 0 (there
is identity Dµp˜
µ
Λ ≡ 0). Thus, Eq. (3) provides a nondynamical character of the auxiliary
variables. Since by construction (Λµ+Dµ)Γ
µ
αβ is a nondegenerate matrix, the constraints
Lα ≈ 0 are equivalent to
L(1)α ≡ DµΓ˜µαβLβ ≈ 0, (4)
L(2)α ≡ ΛµΓ˜µαβLβ ≈ 0, (5)
where among 1CC L(1) ≈ 0 and 2CC L(2) ≈ 0 there are in eight linearly independent. To
supplement the IR1C in Eq. (4) to irreducible, let us further introduce a pair of spinor
variables (χα, pχα) subject to constraints
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pχα ≈ 0, Tα ≡ ΛµΓµαβχβ ≈ 0. (6)
These equations contain 8 independent 1CC among p(1)χ ≡ ΛµΓ˜µpχ ≈ 0 and 8+8 inde-
pendent 2CC among p(2)χ ≡ DµΓ˜µpχ ≈ 0, ΛµΓµχ ≈ 0. Note that the covariant gauge
DµΓ
µχ = 0 may be imposed after that the full system (constraints + gauge) is equivalent
to pχ ≈ 0, χ ≈ 0.
Within the framework of the extended formulation it is possible to combine part
of the constraints into irreducible sets. Actually, taking into account that the matrix
(Λµ +Dµ)Γ
µαβ is nondegenerate one concludes that Eqs. (4) and (6) are equivalent to
Φα ≡ L(1)α + p(1)αχ = DµΓ˜µαβLβ + ΛµΓ˜µαβpχβ ≈ 0, (7)
Gα ≡ L(2)α + p(2)αχ = ΛµΓ˜µαβLβ +DµΓ˜µαβpχβ ≈ 0, (8)
Tα ≡ ΛµΓµαβχβ ≈ 0, (9)
2After that, instead of p˜Λ
µ ≈ 0, the following constraints:
pλ
µ − pΛD
ΛD
Λµ +
1
2ΛD
pχΓ˜
νDνχ ≈ 0
will be first class.
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where the Φα ≈ 0 (Gα ≈ 0) are 16 irreducible 1CC (2CC) and the Tα ≈ 0 include 8
linearly independent 2CC. As a result, for the modified formulation (3), (7)–(9) fermionic
first and second class constraints are splitted in manifestly covariant fashion, so that 1CC
are irreducible. Note that the situation with 2CC does not became “worse” as compared
to the initial formulation. Some comments are in order.
(i) For the case of CBS superparticle constraints without light-cone singularities: Λ2 ≈
0, ΛD − 1 ≈ 0, pµΛ ≈ 0 instead of Eq. (3) seem to be more suitable.
(ii) By making use of the vectors Dµ, Λµ subject to constraints from Eqs. (1) and (3),
the true projectors
Π±α
β = 1
2
(
1± 1
2b
ΓµνDµΛν
)
α
β , b =
√
D2Λ2 − (DΛ)2,
1 = Π+ +Π−, (Π±)2 = Π±, Π+Π− = 0,
(10)
can be constructed and applied in the previous scheme instead of the matrices DµΓ
µ,
ΛµΓ
µ.
(iii) For some concrete models the described trick may be realized without introducing
the variables (Λµ, pΛµ). For the case of D = 9 massive superparticle with Wess–
Zumino term there exists constant Lorentz-invariant matrix zαβ [4, 6]. It can be
used for constructing the covariant projectors and splitting the constraints. For the
case of GS superstring we may choose Λµ ≡ pµ− ∂1xµ, since (pµ− ∂1xµ)2 ≈ 0 is one
of the super Virasoro constraints.
Proceeding to the case of models with IR1C only, let us suppose
L(1)α ≡ DµΓ˜µαβ(pθ − iBµΓµθ)β ≈ 0, DµDµ ≈ 0, (11)
{L(1)α, L(1)β} ≈ 0, (12)
instead of Eqs. (1), (2) (for instance, Siegel superparticle corresponds to the choice Dµ =
Bµ = pµ). Repeating the procedure described above, we get the following constraints
system in extended by the variables (Λµ, pΛµ) and (χ
α, pχα) phase space:
D2 ≈ 0, Λ2 ≈ 0, pµΛ ≈ 0,
Φα ≡ L(1)α + ΛµΓ˜µαβpχβ ≈ 0, (13)
p(2)αχ ≡ DµΓ˜µαβpχβ ≈ 0, (14)
Tα ≡ ΛµΓµαβχβ ≈ 0. (15)
In contrast to the previous case, it is impossible to combine 2CC from Eqs. (14), (15) in
a manifestly covariant way because they belong to different inequivalent representations
of SO(1,9) group of opposite chirality. To avoid the problem, one needs further extension
of the phase space in order to construct a matrix for lowering (raising) spinor indices. Let
us introduce vectors (Cµ, pµC) subject to constraints
C2 − 1 ≈ 0, CΛ ≈ 0, CD ≈ 0, pµC ≈ 0. (16)
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(Note that for all the above mentioned concrete models the condition {D2, CµDµ} ∼
CµDµ hold, and consequently the constraint D
2 ≈ 0 is first class as before.) The full
system of bosonic constraints (13) and (16) can be splitted into first and second class sets
Λ2 ≈ 0, pΛD ≈ 0; C2 − 1 ≈ 0, pCC ≈ 0;
CΛ ≈ 0, pCD ≈ 0; CD ≈ 0, pCΛ ≈ 0; (17)
p˜µΛ ≡ pµΛ −
pΛD
ΛD
Λµ − (pΛC)Cµ + 1
2ΛD
pχΓ˜
νDνΓ
µχ ≈ 0,
p˜µC ≡ pµC −
pCD
ΛD
Λµ − (pCC)Cµ − pCΛ
ΛD
Dµ ≈ 0,
pCD
ΛD
− pΛC + 1
2ΛD
pχCνΓ˜
νΓµDµχ ≈ 0,
(18)
where 1CC in Eq. (18) are first stage of reducibility. The reducibility is described by
equations Λp˜Λ = Cp˜Λ = Λp˜C = Dp˜C = Cp˜C = 0 which hold modulo 2CC (17). Manifestly
covariant quantization of the sector (as well as Eq. (3)) may be carried out along the
lines of Ref. 10.
Having in our disposal the invertible matrix CµΓ
µ
αβ, we pass from Eq. (14) to equiv-
alent constraints
p(2)χα ≡ (CµΓµDν Γ˜νpχ)α ≈ 0, (19)
which may be covariantly combined now with Eq. (15). Thus, the resultant formulation
being equivalent to Eqs. (11), (12) takes the form
D2 = 0, Λ2 = 0, pµΛ = 0,
C2 = 1, CΛ = CD = 0, pµC = 0,
(20)
Φα ≡ L(1)α + ΛµΓ˜µαβpχβ = 0, (21)
Gα ≡ ΛµΓµαβχβ + (CµΓµDν Γ˜νpχ)α = 0, (22)
where the Poisson bracket of the constraints (22) is {Gα, Gβ} = −2(ΛD)CµΓµαβ. As a
result, the task of quantization of a model with infinitely reducible fermionic first class
constraints has been reduced to quantization of splitted (in manifestly covariant way) and
irreducible first and second class constraints (Eq. (21) and Eq. (22), respectively).
As an example of application the scheme proposed, we shall consider the GS super-
string, CBS superparticle and Siegel superparticle. For each case, a modified action and
its local symmetries in suitably enlarged configuration space will be presented. By passing
from the Lagrangian formalism to the Hamiltonian one, we prove an equivalence of the
modified and initial formulations and then demonstrate an applicability of the supple-
mentation scheme.
D = 10, N = 1 Green–Schwarz superstring. Consider a covariant action of the
form
S = SGS + Sadd =
∫
d2σ
[
− 1
2
√−g g
abΠµaΠbµ − iεab∂axµ(θΓµ∂bθ)−
−1
2
Λµε
abF µab − φΛµΛµ
]
,
Πa
µ ≡ ∂axµ − iθΓµ∂aθ,
F µab ≡ ∂aAbµ − ∂bAaµ − i∂aθΓµχb + i∂bθΓµχa + iχaΓµχb,
(23)
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where SGS is the standard GS action [1]. It was chosen ε
01 = −1, and the following
auxiliary variables were introduced: scalar φ; D = 10 vector Λµ; D = 2 and D = 10
vector Aa
µ; D = 2 vector and D = 10 Majorana–Weyl spinor χa
α. As will be seen, the
only essential variables for the supplementation scheme are A1
µ and χ1
α, all other prove
to supply D = 2 reparametrization invariance of the action (23). Global symmetries of
the theory (23) are standard D = 10, N = 1 super Poincare´ transformations.
Local bosonic symmetries are D = 2 reparametrizations, Weyl symmetry, and the
following transformations with parameters ξµ(σ), ωa(σ):
δAa
µ = ∂aξ
µ + ωaΛ
µ,
δφ =
1
2
εab∂aωb.
(24)
These symmetries are reducible because their combination with parameters of a special
form: ωa = ∂aω, ξ
µ = −ωΛµ, is a trivial symmetry: δωAaµ = −ω∂aΛµ, δωφ = 0 (note
that ∂aΛ
µ = 0 is one of the equations of motion). Thus, Eq. (24) includes 11 essential
parameters which correspond to primary 1CC pµA0 ≈ 0, pφ ≈ 0 (see below). Besides,
there are local symmetries with fermionic parameters κ−α
a ≡ P−abκαb(σ) (where P± ab ≡
(gab/
√−g ± εab)) and S+αa(σ):
δθ = ΠµaΓ˜
µκ−a,
δxµ = iθΓµδθ,
δ
( gab√−g
)
= 4iP−ac(∂cθκ
−b),
δχa = ∂a(δθ) + ΛµΓ˜
µκ−a,
δAµa = iθΓ
µ∂a(δθ),
δφ = −iǫab(∂aθ − χa)κ−b;
(25)
δχa
α = ΛµΓ˜
µαβS+βa,
δφ = −iεab(∂aθα − χaα)S+αb. (26)
Equation (25) is generalization of Siegel κ-symmetry [20] to the present case. In
our formulation it is irreducible (with 16 essential parameters), and looks like a gauge
symmetry (with the gauge field to be χa, as is seen from its transformation law). The
transformations (26) are reducible and incorporate only 8 essential parameters among the
S+α
a, because rank ΛµΓ
µ = 8 on-shell, as a consequence of the equation of motion Λ2 = 0.
Note that it is not necessary to take care of the analog of the transformations (26) with
the parameters S−α
a since they have already been included into Eq. (25) [18]. Thus,
the presented transformations with 16+8 parameters exhaust all the essential fermionic
symmetries of the model, because namely this number of primary fermionic 1CC will
occur in the Hamiltonian formalism.
By direct application of the Dirac–Bergmann algorithm [19] one gets the Hamiltonian
H = − 1
g00
(√−g
2
(pˆ2 +Π21)− g01pˆµΠµ1
)
− ∂1ΛµAµ0−
− iΛµ(∂1θ − χ1)Γµχ0 + φΛ2 + λab(pg)ab + λ0pφ + λ1µpΛµ+
6
+ λ2µp
µ
A0
+ λ3µ(p
µ
A1
− Λµ) + pχ0σ0 + pχ1σ1 + Lσ3, (27)
where λ, σ are Lagrange multipliers for primary constraints, and it was denoted pˆµ ≡
pµ − iθΓµ∂1θ. The full set of constraints can be written in the form
(pg)ab = 0, pφ = 0, p
µ
A0
= 0, pχ0α = 0; (28.a)
(pµA1)
2 = 0, ∂1p
µ
A1
= 0; (28.b)
pΛ
µ = 0, pµA1 − Λµ = 0; (28.c)
H1 ≡ (pˆµ +Πµ1)2 − 4Lα∂1θα = 0, H2 ≡ (pˆµ −Πµ1 )2 = 0; (28.d)
Lα ≡ pθα − ∂1pχ1α − i(pµ +Πµ1 )(θΓµ)α + ipA1µ(∂1θΓµ)α = 0; (28.e)
pχ1α = 0, pA1µ(∂1θ − χ1)βΓµβα = 0, (28.f)
where some of the initial constraints were exchanged on equivalent ones to simplify the
Poisson brackets algebra. There are 1CC in Eqs. (28.a), (28.b), (28.d) and a trivial pair
of 2CC in Eq. (28.c). Among 11 equations (28.b) only 10 are functionally independent,
due to the identity ∂1[p
2
A1
]− 2pµA1 [∂1pA1µ] ≡ 0. Poisson brackets of the constraints (28.d),
(28.e) are identical to those the GS superstring [1, 5], in particular, {Lα, Lβ} = 2i(pˆµ +
Πµ1 )Γ
µ
αβδ(σ − σ′). At last, the constraints (28.f) can be represented in equivalent form
pA1µΓ˜
µpχ1 = 0; (29)
(pˆµ +Πµ1 )Γ˜
µpχ1 = 0;
pA1µ(∂1θ − χ1)Γµ = 0,
(30)
with 8 independent 1CC among Eqs. (29) and 8+8 independent 2CC among Eqs. (30).
To investigate dynamics of the theory, we pass to light-cone coordinates (xµ →
(x+, x−, xi), i = 1, . . . , 8, θα → (θa, θ¯a˙), a, a˙ = 1, . . . , 8), write out equations of mo-
tion for all variables with the help of Eq. (27), take into account the full constraints
system (28), and impose gauge fixing conditions to 1CC. A self-consistent gauge choice is
gαβ = ηαβ, φ = 1/2, Aµ0 = 0, χ
α
0 = 0,
θa = 0, ∂1θ¯a˙ − χ¯1a˙ = 0,
A−1 = τ, A
+
1 = A
i
1 = 0,
x+ = −P+τ, p+ = P+ = const 6= 0.
(31)
After tedious calculations [18] one gets exactly the GS superstring dynamics for
xi, pi, θ¯a˙ variables
∂0x
i = −pi, ∂0pi = −∂1∂1xi, (∂0 + ∂1)θ¯a˙ = 0, (32)
while all other variables and Lagrange multipliers are expressed through them by means of
algebraic equations. Note that in the gauge chosen, the relations p−A1 = 1, pA1
+ = pA1
i = 0,
pˆ+ +Π+1 = P
+ 6= 0, or, in covariant form
pA1µ(pˆ
µ +Πµ1 ) 6= 0 (33)
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hold. Return now to constraints (28.e), (29), (30), and rewrite them in equivalent form
with the use of Eq. (33):
(pˆµ +Π1µ)Γ˜
µL+ pA1µΓ˜
µpχ1 = 0, (34)
pA1µΓ˜
µL+ (pˆµ +Π1µ)Γ˜
µpχ1 = 0,
pA1µ(∂1θ − χ1)Γµ = 0.
(35)
As a result, for the modified formulation of the GS superstring (23) fermionic constraints
are splitted into first and second class (Eqs. (34) and (35), respectively) in a manifestly
covariant way, so that the 1CC are irreducible.
An interesting peculiarity of the presented formulation is that it possesses 16+8
fermionic reducible symmetries (25), (26), while first class constraints in the Hamilto-
nian formalism turn out to be irreducible. The reason is that except 16+8 primary 1CC
pχ0 = 0, ΛµΓ˜
µpχ1 = 0, corresponding to the symmetries, there appear 8 secondary 1CC
(pˆµ+Π1µ)Γ˜
µL = 0. The two reducible sets are simply combined into irreducible one in the
resultant system (34). This situation is opposite to the case of Siegel superparticle in the
initial formulation [12, 13] for that symmetries are irreducible, while in the Hamiltonian
formalism there arise reducible secondary first class constraints.
D = 10, N = 1 Casalbuoni–Brink–Schwarz superparticle. In this case we
consider the following action:
S =
∫
dτ
[
− 1
2e
ΠµΠµ − ω − iΛµχ1Γµ(χ0 + θ˙)− φΛ2
]
, (36)
where Πµ ≡ x˙µ − iθΓµθ˙ + ωΛµ. The variables Λµ and χ1α turn out to be essential
for realization of the supplementation scheme, while the variables ω, φ χ0
α are in fact
Lagrange multipliers which will supply appearance of the necessary constraints (3), (6).
Similarly to previous case, there are reducible fermionic symmetries with 8+8+8 intrinsic
parameters
δθα = ΠµΓ˜
µαβκβ, δx
µ = iθΓµδθ,
δe = −2ieθ˙κ, δχ0 = −(δθ)·; (37)
δχ0
α = ΛµΓ˜
µαβS0β, δφ = iχ1
αS0α;
δχ1
α = ΛµΓ˜
µαβS1β, δφ = iS1α(χ0 + θ˙)
α;
(38)
that exactly correspond to the independent primary first class constraints of the model
(see below).
Remarkably, the action (36) leads only to the desired constraints (3), (6) for the
variables Λµ and χ1
α and does not imply any other constraints as it could be expected.
We give here a detailed discussion of the Dirac–Bergmann algorithm for the model because
some accuracy is necessary in treating its constraints system. The canonical Hamiltonian
is
H = −e
2
p2 − ω(pΛ− 1) + iΛµχ1Γµχ0 + φΛ2 + ξ0pe + ξ1pω + ξ2pφ+
8
+ξ3µpΛ
µ + pχ0σ0 + pχ1σ1 + Lασ3
α, (39)
where ξi, σi are Lagrange multipliers corresponding to the primary constraints, and we
denoted L ≡ pθ− ipµθΓµ− iΛµχ1Γµ ≈ 0. From requirement of preservation in time of the
primary constraints, we get the secondary ones
p2 = 0, Λ2 = 0, pΛ− 1 = 0, (40)
Λµ(χ1Γ
µ)α = 0, (41)
and equations containing the Lagrange multipliers which can be represented in the form
ΛµΓ
µσ1 = 0, ΛµΓ
µ(χ0 − σ3) = 0,
pµΓ
µσ3 = 0, −iχ1Γµ(χ0 − σ3) + ωpµ − 2φΛµ = 0. (42)
(Multiplying the last equation by the Λµ we get as a consequence ω = 0 and the corre-
sponding term may be omitted.) To analyze the system, note first that by virtue of Eq.
(40), the following decompositions are possible:
χ0 = χ + χ˜, σ3 = σ + σ˜, (43)
where the corresponding components obey
ΛµΓ
µχ = pµΓ
µχ˜ = ΛµΓ
µσ = pµΓ
µσ˜. (44)
Then, one can verify that Eqs. (42) are equivalent to
σ˜ = χ˜, σ = 0, ω = 0, (45)
−iχ1Γµχ− 2φΛµ = 0. (46)
Moreover, passing to the light-cone coordinates and using SO(8) notations for spinors it
is easy to check that there is only one independent equation in Eqs. (46), if the conditions
Λµχ1Γ
µ = 0, ΛµΓ
µχ = 0, Λ2 = 0 hold, namely: −i√2χ¯1a˙χ¯a˙ − 2φΛ− = 0. (Note that from
the Eq. (40) it follows Λ+ 6= 0 or Λ− 6= 0. For definiteness we choose the latter.)
The derived constraint forms a pair of second class constraints with pφ = 0, and may
be extracted from Eq. (42) in covariant way as follows: −pµχ1Γµχ0 − 2φ = 0. Finally, a
full constraints system acquires the form
pe = pω = ω = 0, pχ0 = 0; (47.a)
p2 = 0, pΛ− 1 = 0, Λ2 = 0, pΛµ = 0; (47.b)
L ≡ pθ − ipµθΓµ = 0, pχ1 = 0, Λµχ1Γµ = 0; (47.c)
pφ = 0, Φ ≡ φ+ i
2
pµχ1Γ
µχ0 = 0. (47.d)
The second constraint from Eq. (47.d) has nontrivial Poisson brackets with some of
the constraints (47.a), (47.c). To avoid the obstacle, let us pass to the Dirac bracket
associated with the pair (47.d)
{A,B}D = {A,B} − {A, pφ}{Φ, B}+ {A,Φ}{pφ, B}. (48)
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Then, it is admissible to consider the constraints as strong equalities and to resolve them.
After that the variables pφ, φ can be dropped. As is seen from Eq. (48), the Dirac brackets
for the remaining variables coincide with the Poisson ones.
As a result, for the model (36) we have got the desired constraints system (47.a–c).
Actually, Eq. (47.c) can be rewritten in equivalent form
pµΓ˜
µL+ ΛµΓ˜
µpχ1 = 0; (49.a)
ΛµΓ˜
µL+ pµΓ˜
µpχ1 = 0, Λµχ1Γ
µ = 0, (49.b)
with the 1CC (49.a) being irreducible.
Dynamics of the model may be analyzed along the same lines as has been done for the
GS superstring above. Repeating all the needed steps, one can verify that physical sector
and corresponding equations of motion of the modified formulation (36) are exactly the
same as those of CBS superparticle.
Siegel superparticle. Within the framework of developed supplementation scheme,
this is the most interesting example since a reducible 2CC are absent in the initial formu-
lation [12, 13]. As has been shown before, constraints system of the enlarged formulation
for this case will include irreducible first and second class constraints only. The action,
which reproduces the desired constraints system looks as follows:
S =
∫
dτ
[
− 1
2e
ΠµΠµ + iθ˙RθL − iΛµχ1Γµ(χ0 + θ˙R)−
−ω0 − φΛ2 − ω2(C2 − 1)− ω3(CΛ)
]
, (50)
where Πµ ≡ x˙µ − iθRΓµθ˙R + iψLΓ˜µθL + ω0Λµ + ω1Cµ, and θαR, θLα are Majorana–Weyl
spinors of opposite chirality. The theory is invariant under the following generalization of
Siegel k-symmetry:
δθαR =
1
e
Πµ(Γ˜
µκL)
α, δθLα = − 2
e2
κLαΠ
2,
δXµ = iθLΓ˜
µκL + iθRΓ
µδθR, (51)
δe = −4i
e
ΠµψLΓ˜
µκL, δψLα = κ˙Lα, δχ0
α = −δθRα,
that is irreducible as in the initial formulation [12, 13] as well as under a pair of reducible
symmetries analogous to Eq. (38) of the previous case
δχ0
α = ΛµΓ˜
µαβS0β, δφ = iχ1
αS0α;
δχ1
α = ΛµS1βΓ˜
µαβ , δφ = iS1α(χ1 + θ˙R)
α;
(52)
Canonical analysis for the model turns out to be very similar to that of the previous
case. So, we present and discuss only the final answer for the full system of constraints
pωi = 0, ωi = 0, i = 0, 1, 2, 3; (53.a)
pφ = 0, φ+
i
2
pµχ1Γ
µ(χ0 − pν Γ˜νψL) = 0; (53.b)
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pχ0α = 0, pψ
α = 0, ΛµΓ
µ(χ0 − pν Γ˜νψL) = 0; (53.c)
pL
α = 0, pRα − ipµ(θRΓµ)α − iθLα = 0; (53.d)
pe = 0, pΛ
µ = 0, pCµ = 0, Λ2 = 0,
pΛ− 1 = 0, C2 − 1 = 0, pC = 0, CΛ = 0; (53.e)
pµ(pRΓ˜
µ)α = 0, pχ1α = 0, Λµ(χ1Γ
µ)α = 0. (53.f)
Here, we have a set of trivial 2CC (53.a); a pair of 2CC (53.d) which is the same as for the
Siegel superparticle in the initial formulation [12, 13], and a pair of 2CC (53.b) that may
be treated similarly to Eq. (47.d). Constraints system (53.c) consists of 24 independent
1CC and 16 independent 2CC which may be covariantly separated as follows:
pµΓ
µpψ = 0, ΛµΓ˜
µpχ0 = 0, ΛµΓ
µ(pνΓ˜
νpχ0 + pψ) = 0, (54.a)
ΛµΓ
µ(pνΓ˜
νpχ0 − pψ) = 0, ΛµΓµ(χ0− pµΓ˜µψL) = 0. (54.b)
Choosing now gauge fixing conditions to 1CC (54.a) in the form
ΛµΓ˜
µψL = 0, pµΓ
µχ0 = 0, ΛµΓ
µ(χ0 + pνΓ˜
νψL) = 0, (55)
one can check that the full system of equations (54.a), (54.b), and (55) is equivalent to
pψ = 0, ψL = 0, pχ0 = 0, χ0 = 0. Assuming the gauge has been imposed, let us pass to the
Dirac bracket associated with the constraints (53.a–c). Then the corresponding variables
may be neglected, while the Dirac brackets for the remaining variables exactly coincide
with the Poisson ones. The remaining constraints allow us to realize the supplementation
scheme for reducible constraints pµ(pRΓ˜
µ) = 0 which has been presented in the initial
formulation. Actually, by virtue of Eqs. (53.e) one can combine fermionic constraints
(53.f) into irreducible sets as follows:
Φα ≡ pµ(pRΓ˜µ)α + Λµ(Γ˜µpχ1)α = 0,
Gα ≡ Λµ(Γµχ1)α + Cµpν(ΓµΓ˜νpχ1)α = 0. (56)
Here we have 16 irreducible 1CC Φα = 0 and 16 irreducible 2CC Gα = 0 with the bracket
{Gα, Gβ} = −2CµΓµαβ.
Note in conclusion that for the case of the Lorentz group SO(1, 8) there exists only
one inequivalent spinor representation of minimal dimension (the above mentioned matrix
zαβ may be used for lowering and raising spinor indices). It means, in particular, that for
D = 9 Siegel superparticle it is not necessary to introduce variables Λµ, Cµ. This fact
may extremely simplify a task of quantum realization of the scheme suggested.
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